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ON PLANAR SELF-SIMILAR SETS WITH A DENSE SET OF
ROTATIONS
KEMAL ILGAR EROLU
Abstrat. We prove that if E is a planar self-similar set with similarity
dimension d whose dening maps generate a dense set of rotations, then the
d-dimensional Hausdor measure of the orthogonal projetion of E onto any
line is zero. We also prove that the radial projetion of E entered at any point
in the plane also has zero d-dimensional Hausdor measure. Then we onsider
a speial sublass of these sets and give an upper bound for the Favard length
of E(ρ) where E(ρ) denotes the ρ-neighborhood of the set E.
1. Introdution
In this paper we investigate the orthogonal and radial projetion properties of
some self-similar sets in the plane. Planar self similar sets are the attrators of
iterated funtion systems whose maps are ontrating similitudes. By a lassial
result of Marstrand [6℄, if E is a planar Borel set with s := dimH E ≤ 1 (where
dimH denotes the Hausdor dimension) then in Lebesgue almost all diretions the
orthogonal projetions onto lines have Hausdor dimension s. If dimH E > 1 then
almost all projetions have positive Lebesgue measure. Therefore the natural ques-
tion is to ask when the projetions have positive s-dimensional Hausdor measure
in the ase when s ≤ 1.
It is useful to partition planar self-similar sets sets into two ategories when
studying their orthogonal projetions onto lines, namely, the ase when the simili-
tudes do not involve rotations or reetions, and the others. The sets whose dening
maps do not involve rotations are distinguished from the others with the relatively
simple struture of their projetions: These projetions are self-similar sets in R.
The dening maps for the projetions an be viewed as a family of maps depend-
ing on a parameter (the projetion angle) and measure theoreti arguments an be
made about the properties of typial projetions. We refer to [10℄ for the details
and some appliations of this method.
In the ase when rotations are involved, the projetions are no longer self-similar,
thus it is signiantly more ompliated to study their struture. Our main result is
onerned with the ase when the dening maps generate a dense set of rotations,
and partly answers a question by Mattila in [8℄. This would be the ase when,
for example, one of the maps involved rotation by an irrational multiple of π. In
fat, if none of the maps involve reetions, our ondition is equivalent to having
at least one map with an irrational rotation. The idea of the proof is that, if the
set of rotations is dense, there are many groups of smaller opies of the original
set that are approximately the same size and aligned in a dense set of diretions.
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This is shown by modifying a doubling argument that has been used in [9℄. These
opies pile up above a typial point in the projetion, making the density of the
projeted measure innite. Density of diretions suggests that this is the ase in a
dense set of diretions, and hene, by approximation, all diretions. We prove the
following:
Theorem. Let E ⊂ R2 be a self-similar set whose dening maps generate a
dense set of rotations modulo 2π. If γ is the similarity dimension of E, then for
all lines l, the γ-dimensional Hausdor measure of the orthogonal projetion of E
onto l is zero.
The ase when the rotations are in a disrete set of diretions is still an open
question.
Finally, in the last setion we give an upper bound for the Favard length of the
ρ-neighborhood E(ρ) of E where E is a homogeneous self-similar set of similar-
ity dimension 1 whose dening maps inlude two non-rotating maps and a (non-
reeting) rotation by a Diophantine multiple of π. A number α is alled Diophan-
tine if there exist c, d > 0 suh that |Nα −M | > cN−d for any two integers N
and M (we say the number is (c, d)-Diophantine in this ase). Reall also that a
self-similar set is alled homogeneous if all dening maps have the same ontration
fator. The Favard length of a planar set E is given by
Fav(E) =
∫ π
0
L1(Eθ)dθ
where L1(Eθ) is the Lebesgue measure of the orthogonal projetion of E onto lθ,
the line through the origin making angle θ with the positive x-axis. Besiovith's
projetion theorems tell us that in the above ase, the Favard length of E(ρ) on-
verges to zero sine E is irregular, but in very few ases we have preise estimates
for the deay rate. A set E is alled a 1-set if 0 < H1(E) <∞. There is the known
lower bound c/(− log ρ) when E is any Borel 1-set in the plane (see [7℄).
We will prove the following theorem:
Theorem. Let E be the attrator of a homogeneous iterated funtion system with
similarity dimension 1 whih produes two non-rotating maps of the same ontra-
tion fator and a map rotating by angle θ1, where θ1/2π is (c, d)-Diophantine. Then,
denoting the orthogonal projetion of E(ρ) onto lθ by E
θ(ρ), for any δ > 0 there
exists A,B > 0 suh that
(1) L1(Eθ(ρ)) ≤ A
(log(− log ρ))B
uniformly for all θ, thus
Fav(E(ρ)) ≤ πA
(log(− log ρ))B .
(This theorem will be stated more preisely in setion 3 (see Theorem 3.1).
In [11℄, it was proven that for self-similar sets of similarity dimension 1 with
strong separation and without rotation, the bound
(2) FavE(ρ) ≤ C exp
(
−a log∗
(
1
ρ
))
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Figure 1.
holds for some C, a > 0, where
(3) log∗ x := min

n ≥ 0 : log log . . . log︸ ︷︷ ︸
n
x ≤ 1

 .
The lass of sets we study in this paper are the only self-similar sets that are
urrently known to obey a bound better than (2).
Example. In Figure 1 is shown a homogeneous self-similar set with dimension 1.
There are three dening maps two whih don't rotate and the third map rotates
by (1 +
√
2)π radians. The number 1 +
√
2 is Diophantine with d = 2 sine it is a
quadrati irrational (see e.g. [1℄). For this set we an take B = log 23.3 log 3 .
2. Projetions of planar self-similar sets with a dense set of
rotations
We rst introdue the terminology before we state the result:
An iterated funtion system is a nite olletion of Lipshitz maps on R
2
with
Lipshitz onstants less than 1.
Consider an IFS in the plane with maps F1, . . . , Fm. There is a unique nonempty
ompat set E, alled the attrator of this iterated funtion system, that satises
(4) E =
m⋃
i=1
Fi(E).
We say E is self-similar if the maps Fi are similitudes. The set E an be viewed as
the image of a projetion Π from a symbol spae Ω = {1, . . . ,m}N, given by
Π : i1i2i3 . . . −→ lim
n→∞
Fi1 ◦ Fi2 ◦ · · · ◦ Fin(E).
The limit is a singleton sine the maps are ontrations. Finite sequenes u =
u1u2 · · ·un of symbols will be alled words. We will use [u] to denote the set of
sequenes in Ω starting with the word u (suh sets are alled ylinder sets).
Now assume E is self-similar. Let lθ be the line through the origin making
an angle of θ with the positive x-axis and let Πθ be the omposition of Π with
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the orthogonal projetion onto lθ. Assume eah Fi has ontration rate ri. The
similarity dimension of the system above is the number γ suh that
m∑
i=1
rγi = 1.
We will shortly all γ the similarity dimension of E, when the iterated funtion
system in question is lear from the ontext (Note that E an be produed by
dierent iterated funtion systems). It is well-known that dimH E ≤ γ. For many
purposes the interesting situation is the ase when Hγ(E) > 0. The Bandt-Graf
ondition [2℄ and the open set ondition (see [4℄) are examples of neessary and
suient onditions for this to be true.
For a word u = u1 · · ·un dene ru = ru1 · · · run . Dene
Fu := Fu1 ◦ · · · ◦ Fun .
We denote by u¯ the innite sequene uuu . . . The length of u will be denoted by
|u|.
Eah Fi is either a saling and reetion omposed with a translation, or a saling
and rotation omposed with translation. Given a word u we an write
Fu
([
x
y
])
= ru
[
cos θu −Ou sin θu
sin θu Ou cos θu
] [
x
y
]
+
[
xu
yu
]
where Ou = −1 if Fu ontains a reetion (about the line θ = θu/2), or 1 if
it ontains a rotation only (by the angle θu). Note that if Ou = Ov = 1 then
θuv = θu + θv, and |θu − θv| = |θαu − θαv| for any words u, v, α. In this paper we
will onsider angles modulo 2π, e.g. we will write |θu − θv| for |(θu − θv) mod 2π|.
We are assuming that the set
Θ = {θu : u is a word}
is dense modulo 2π. Our result is as follows:
Theorem 2.1. Let E ⊂ R2 be a self-similar set suh that Θ is dense modulo 2π. If
γ is the similarity dimension of E, then for all lines l, the γ-dimensional Hausdor
measure of the orthogonal projetion of E onto l is zero.
Note that if Θ is dense, then {θu : Ou = 1} is also dense. Given an ǫ > 0 we
will denote by a = a(ǫ) some xed word suh that Oa = 1 and |θa| < ǫ.
Let γ be the similarity dimension of E. We dene µ to be the produt measure
µ = {rγ1 , ..., rγm}N on Ω, that is µ([u]) = rγu. Let D = diamE.
Denition 1. Two words u, v are alled (ǫ, θ)-relatively lose if
(i)
ru
rv
∈ (e−ǫ, eǫ);
(ii) |θu − θv| < ǫ and Ou = Ov;
(iii) There exists ω = ω(u, v) ∈ Ω suh that |Πθ(uω)−Πθ(vω)| < ǫDmin{ru, rv}.
This denition means the smaller opies of the set E dened by u and v have
relatively the same size and orientation, and the onvex hulls of their projetions
on lθ have large overlap.
The proof of Theorem 2.1 is based on a sequene of lemmas:
ON PLANAR SELF-SIMILAR SETS WITH A DENSE SET OF ROTATIONS 5
Lemma 2.2. Given any ǫ > 0, an angle φ and word u, for µ-almost all points
ω ∈ Ω there exist innitely many words sj suh that sju is a prex of ω, Osj = 1
and |θsj − φ| < ǫ.
Proof. Let a = a(ǫ). There is N ∈ N suh that the set
{θa, θaa, θaaa, . . . , θaN}
forms an ǫ-net modulo 2π. Given any word v, if Ov = 1 we an onatenate a
sequene tv of a's of length no more than N so that Ovtv = 1 and |θvtv − φ| < ǫ.
If there is an orientation reversing Fi0 and Ov = −1 then we onatenate to vi0 a
sux tv of a's as above to get Ovi0tv = 1 and |θvi0tv − φ| < ǫ. So we onlude that
there is an integer N0 = N0(ǫ) suh that given any word v we an nd a sux tv
of length no more than N0 satisfying Ovtv = 1 and |θvtv − φ| < ǫ.
Given this N0, there exists c > 0 suh that if t is a word of length no more than
N0 then µ([tu]) ≥ c > 0.
Let A be the set of points in Ω where the laim fails. Given n ∈ N, let An be
the points ω of A for whih no prex sj of length ≥ n exists as in the laim. Then
A = ∪An. Therefore it sues to prove that µ(An) = 0 for any n.
Now we x n. Write Ω as a disjoint union of ylinders represented by words
length bigger than n and let S0 be the set of words orresponding to the ylinders
in this union. For eah word v ∈ S0, let tv be a word of length no more than N0 suh
that Ovtv = 1 and |θvtv − φ| < ǫ. Let Ω1 = Ω \ ∪v∈S0 [vtvu]. Then µ(Ω1) < 1 − c.
Given Ωi, dene Ωi+1 in the same way: Write Ωi as a disjoint union of ylinders
and let Si be the set of orresponding words. For eah word v in Si, nd a word
tv as above. Dene Ωi+1 = Ωi \ ∪v∈Si [vtvu]. Note that µ(Ωi+1) < (1− c)µ(Ωi) for
all i. Sine An is a subset of ∩Ωi and µ(∩Ωi) = 0, the result follows. 
The following orollary will be useful when studying visibility properties:
Corollary 2.3. Let ω 7→ θω ∈ [0, 2π) be any funtion. Then, given a word u and
ǫ > 0, for µ-almost all ω ∈ Ω there exist prexes sj suh that sju is a prex of ω,
Osj = 1 and |θsj − θω| < ǫ.
Proof. Let {φn} be a nite olletion of angles that form an ǫ/2-net modulo 2π.
Then, given a xed φn, by Lemma 2.2 µ-almost all ω ∈ Ω have prexes sj suh that
sju is a prex of ω, Osj = 1 and |θsj − θφn | < ǫ/2. Sine {φn} forms an ǫ/2-net,
this implies that µ-almost all ω ∈ Ω have prexes satisfying the onditions of our
laim. 
A set of real numbers is alled σ-arithmeti if all numbers in the set are inte-
ger multiples of σ and σ is the biggest number with this property. We quote a
probabilisti lemma (see [5℄, Vol II, Lemma V.4.2):
Lemma 2.4 (Feller). Let F be a distribution in R onentrated on [0,∞) but not at
the origin, and Σ the set formed by the points of inrease of F, F ∗F, F ∗F ∗F, . . ..
If F is not arithmeti, then Σ is asymptotially dense at innity in the sense that
for given ǫ > 0 and K suiently large, the interval (K,K + ǫ) ontains points of
Σ. If F has λ-arithmeti support then Σ ontains all points nλ for n suiently
large.
Lemma 2.5. Given any ǫ > 0 and a funtion θ 7→ φ(θ), there exist u, v, θ suh
that u, v are distint and (ǫ, θ)-relatively lose with Ou = Ov = 1. Moreover, in
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addition to the onditions (i)-(iii) of Denition 1, we an hoose u, v and θ in suh
a way that: (iv) |φ(θ) − θu| < ǫ, |φ(θ) − θv| < ǫ, and (v) there exists ω suh that
Πθ(uω) = Πθ(vω).
PSfrag replaements
lθ
u
v
ua
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Π(ua¯)
Π(va¯)
Figure 2.
Proof. Note that (v) trivially implies (iii), so it sues to hek ondition (v) alone
to prove (iii). Let rmin = mini ri. Given r > 0, let Cr be the the set of all ylinders
[s] with
rrmin < rs ≤ r.
Let Nr = #Cr . We rst onsider the ase when S = {− log r1, . . . ,− log rm} is not
arithmeti: Let F be a distribution supported on S. Find K suiently large as in
Lemma 2.4 for ǫ/2. Let r˜ be suh that
− log r˜ = − log r − log rmin +K.
Then eah [s] ∈ Cr has a subylinder [u] (i.e. s is a prex to u) suh that rur˜ ∈
(e−ǫ/2, eǫ/2). So there exist at least Nr ylinders ui suh that
rui
ruj
∈ (e−ǫ, eǫ) for
eah pair ui, uj. Sine Nr →∞ as r → 0, by hoosing r small enough we an also
nd a pair u˜, v˜ suh that Ou˜ = Ov˜ and |θu˜−θv˜| < ǫ. If Ou˜ = Ov˜ = 1 then let u = u˜
and v = v˜. If Ou˜ = Ov˜ = −1 and Fi0 is an orientation reversing map in the iterated
funtion system, let u = u˜i0 and v = v˜i0. Then Ou = Ov = 1 and |θu − θv| < ǫ,
thus (i) and (ii) in Denition 1 are satised.
In the ase when S is σ-arithmeti for some σ > 0, we again onsider a distri-
bution F supported on S, and using the lemma nd K suh that nσ ∈ Σ for all
n ≥ K. Let r˜ be given by
log r˜ =
[− log r − log rmin
σ
+K + 1
]
σ.
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Then there exists a subylinder [u] of [s] with ru = r˜. This is true for eah [s] ∈ Cr.
The rest of the argument is as in the non-arithmeti ase; we an nd u, v satisfying
the rst two onditions of Denition 1.
We set a = a(ǫ/2). Choosing θ to be π/2 plus the diretion of the line segment
joining Π(ua¯) to Π(va¯) and setting ω = a¯, (v) is satised (if these two points
oinide then any diretion an be hosen as θ). For (iv), onsider the pairs
(u, v), (ua, va), (uaa, vaa), (uaaa, vaaa), . . .
All these pairs satisfy (i)-(ii) and (v) (hene (iii)) with the same ǫ, θ and ω. Sine
|θa| < ǫ/2, some of them will also satisfy (iv) (see Fig. 2). 
Lemma 2.6. Given any N and ǫ > 0, there exist distint words u1, . . . , uN and θ
suh that the ui are mutually (ǫ, θ)-relatively lose and Oui = 1.
Proof. The statement is true for N = 2 by the previous lemma. We will now prove
that if the statement is true for N then it is also true for 2N .
So we now assume that the laim of the lemma is true for N . Find u1, . . . , uN
and θ1 for ǫ1 < ǫ/6. Let rumin = mini=1,...,N rui . Choose ǫ2 > 0 so small that
(5) ǫ2 < min
{
e−ǫ/6
( ǫ
3
− ǫ1
)
rumin ,
ǫ
6
}
and
(6) |1− eǫ2 |+ ǫ2 < ǫ
3
rumin .
Consider the funtion φ(θ) = θ − θ1. Apply Lemma 2.5 with ǫ2 and φ(·) to nd
s, t, θ2 and ω˜ satisfying onditions (i)-(v) of the Lemma, that is,
(a)
rs
rt
∈ (e−ǫ2 , eǫ2);
(b) |θs − θt| < ǫ2 and Os = Ot = 1;
() Πθ2(sω˜) = Πθ2(tω˜);
(d) |θ2 − (θs + θ1)| < ǫ2 and |θ2 − (θt + θ1)| < ǫ2.
We now laim that the 2N distint words su1, . . . , suN , tu1, . . . , tuN are mutually
(ǫ, θ2)-relatively lose.
Sine ǫ1, ǫ2 < ǫ/6, it is easily seen that (i) and (ii) of Denition 1 are satised
with ǫ/3. Clearly, su1, . . . , suN are mutually (ǫ1, θs + θ1)-relatively lose. We now
prove that they are also (ǫ/3, θ2)-relatively lose:
Without loss of generality, we an assume rt ≤ rs. Note rs < eǫ/6rt. Let
ω(ui, uj) be as desribed in part (iii) of Denition 1. Denote by ~eθ the unit vetor
in the plane in the diretion θ. Observe that |~eα1 − ~eα2 | ≤ |α1 − α2|. Then for any
i, j ∈ {1, . . . ,m} and ω = ω(ui, uj), using (5) and (d) we get (see Fig. 3)
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|Πθ2(suiω)−Πθ2(sujω)|
= |(Π(suiω)−Π(sujω)) · ~eθ2 |
= |(Π(suiω)−Π(sujω)) · ~eθs+θ1 + (Π(suiω)−Π(sujω)) · (~eθ2 − ~eθs+θ1)|
≤ |Πθs+θ1(suiω)−Πθs+θ1(sujω)|+ |(Π(suiω)−Π(sujω)) · (~eθ2 − ~eθs+θ1)|
≤ |Πθs+θ1(suiω)−Πθs+θ1(sujω)|+ |Π(suiω)−Π(sujω)||θ2 − (θs + θ1)|
≤ ǫ1Dmin{rsui , rsuj}+Drsǫ2
< ǫ1Dmin{rsui , rsuj}+Deǫ/6rte−ǫ/6
( ǫ
3
− ǫ1
)
rumin
≤ ǫ
3
Dmin{rsui , rsuj}.
(7)
Therefore su1, . . . , suN are mutually (
ǫ
3 , θ2)-relatively lose. A similar proof
shows that tu1, . . . , tuN are also mutually (
ǫ
3 , θ2)-relatively lose. Let i0 be suh
that rui0 = rumin . Now we will prove that sui0 and tui0 are (
ǫ
3 , θ2)-relatively lose
and that we an use any ω ∈ Ω in Denition 1 (iii). From this the result will follow,
sine for ω = ω(ui, uj) we get
|Πθ2(suiω)−Πθ2(tujω)| ≤ |Πθ2(suiω)−Πθ2(sui0ω)|+ |Πθ2(sui0ω)−Πθ2(tui0ω)|
+ |Πθ2(tui0ω)−Πθ2(tujω)|
(we an use any ω ∈ Ω as ω(ui, uj) if i = j).
PSfrag replaements
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≤ ǫ2
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≤ Drs
Π(suiω)
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Figure 3.
ON PLANAR SELF-SIMILAR SETS WITH A DENSE SET OF ROTATIONS 9
PSfrag replaements
lθ2
x′
y′
Figure 4.
Denoting by Rθ the rotation map in the plane by angle θ, for any word u with
Ou = 1 we an write
Fu(z) = ruRθuz + bu
for some vetor bu. Also reall that Π(uτ) = Fu(Π(τ)) for any τ ∈ Ω by denition.
Using (6), the onditions (a)-() above and the linearity of Rθ we get (see Fig. 4)
|Πθ2(sui0ω)−Πθ2(tui0ω)| = |Πθ2(sui0ω)−Πθ2(tui0ω) + Πθ2(tω˜)− Πθ2(sω˜)|
= |(Π(sui0ω)−Π(tui0ω) + Π(tω˜)−Π(sω˜)) · ~eθ2 |
≤ |Π(sui0ω)− Π(tui0ω) + Π(tω˜)−Π(sω˜)|
= |rsRθsΠ(ui0ω)− rtRθtΠ(ui0ω)
+ rtRθtΠ(ω˜)− rsRθsΠ(ω˜)|
= |rsRθs(Π(ui0ω)−Π(ω˜))− rtRθt(Π(ui0ω)−Π(ω˜))|
≤ |(rs − rt)Rθs(Π(ui0ω)−Π(ω˜))|
+rt|(Rθs −Rθt)(Π(ui0ω)−Π(ω˜))|
≤ |rs − rt|‖Rθs‖ ·D + rt‖Rθs −Rθt‖ ·D
≤ Drt(|1− eǫ2 |+ ǫ2) ≤ Drt ǫ
3
rumin
≤ ǫ
3
Drtui0
and the result follows sine rtui0 ≤ min{rsui , rtuj} for any i, j. The lemma is
proved.

And nally we prove the following result whih immediately implies the main
result of this setion:
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Proposition 2.7. For all θ we have Hγ(ΠθΩ) = 0.
Proof. Let µθ be the projetion of the measure µ under Πθ. We will prove that
given any N , at µθ-almost all points x the γ-dimensional upper density of µθ given
by
lim sup
r→0
µθB(x, r)
(2r)γ
is at least cN , where c is a onstant independent of N (here B(x, r) denotes an
open ball of radius r around x) . The result will follow from a standard density
theorem (see [4℄ Prop. 2.2 for a statement).
Observe that if u, v are distint and (ǫ, θ)-relatively lose for some ǫ and θ, then
u and v an not be subwords of eah other provided ǫ is small enough. This follows
from the fat that ru/rv /∈ (rmin, 1/rmin) if any of u and v is a proper subword of
the other. Note that this also implies that [u] and [v] are disjoint in Ω. Now, given
N , we an nd distint u1, . . . , uN that are mutually (1, θ0)-relatively lose for some
θ0. This we an see by applying Lemma 2.6 with any ǫ < 1. By using small enough
ǫ in the Lemma if neessary, we an assume that [ui] are disjoint. For the purposes
of our proof, the words ui will be regarded as mutually (1, θ0)-relatively lose.
Now let x = Πθ(τ) where τ satises the onditions of Lemma 2.2 with ǫ = ru1 ,
word u1 and φ = θ − θ0. That is, τ has prexes of the form sju1 where sj satisfy
|θsj + θ0− θ| < ru1 . By Lemma 2.2, µθ-almost all x are of this form. It follows that
for eah j,i and ω ∈ Ω, using ideas similar to those in (7) we get
|x−Πθ(sjuiω)| = |Πθ(τ) −Πθ(sjuiω)|
= |(Π(τ) − Π(sjuiω)) · ~eθ|
≤ |(Π(τ) − Π(sjuiω)) · ~e(θsj+θ0)|
+ |(Π(τ) −Π(sjuiω)) · (~eθ − ~e(θsj+θ0))|
≤ |Π(τ) −Π(sjuiω)|+ |Π(τ) −Π(sjuiω)||θ − (θsj + θ0)|
≤ |Π(τ) −Π(sju1ω)|+ |Π(sju1ω)−Π(sjuiω)|
+ Drsj |θ − (θsj + θ0)|
≤ Drsju1 +Drsj min{ru1 , ruj}+Drsj ru1
≤ 2Drsju1 +Drsj ru1 = 3Drsju1 .
Thus if we set bj = 5Drsju1 then eah Πθ(sjui) lies in B(x, bj), thus (using that
rsjui ≥ 1ersju1 for eah i):
µθ(B(x, bj))
bγj
≥ 1
(10De)γ
N
and this proves our laim. 
Appliations to visibility. We now make remarks about the appliation of the
method above to visibility problems. We onsider the visibility of a self-similar set
from a point. Given a point a ∈ R, we dene the radial projetion (entered at a)
as
πa : R
2 \ a −→ S1, πa(x) = x− a|x− a| .
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PSfrag replaements
lθsj+θ0
lθ
≤ Drsj
≤ Drsj mini{ru1 , rui}+Drsj ru1 ≤ 2Drsju1
x
sj
Figure 5.
Denition 2. We say that a set E is s-visible from a if Hs(πa(E)) > 0. We say
E is s-invisible from a if Hs(πa(E)) = 0.
Remark. The standard terminology is to say visible/invisible from a in the ase
s = 1.
We observe that if E satises the onditions of Theorem 2.1, we an use the radial
projetions of the measure µ to show that, at all points, the projeted measure
has innite γ-dimensional density almost everywhere (where γ is the similarity
dimension). More preisely, given a ∈ R2, we dene µ˜a to be the restrition of µ to
Ω \Π−1(a) and dene µa as the projetion of µ˜a to a measure on S1 via πa ◦Π. It
is easy to see that, in the proof of Lemma 2.7, one an use Corollary 2.3 and the
same idea of aligning the 1-relatively lose squares around typial points in suh
a way that the radial projetions of these squares have large overlap, making the
measure density big. Sine the required modiations are fairly obvious, we state
the result without a proof:
Theorem 2.8. Let E ⊂ R2 be a self-similar set for whih {θu : u is a word} is
dense modulo 2π. If γ is the similarity dimension of E, then for all points a in the
plane, E is γ-invisible from a.
We also remark that in a reent work [12℄ of K. Simon and B. Solomyak, it is
proven that purely unretiable planar self-similar sets with nite H1 measure and
satisfying the open set ondition are invisible from all points in the plane. This
implies our onlusion in the ase d = 1. To see this, note that if d = 1 and
H1(E) > 0, dense set of rotations implies the nonexistene of tangent diretions
at all points of E, hene the pure unretiability of E (see [3℄ for an overview of
tangeny properties).
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3. Favard length in some speial ases
The Favard length of a planar set E is dened as
FavE =
∫ π
0
L1(Eθ)dθ
where Eθ is the orthogonal projetion of E onto lθ. It an be interpreted as a
measure of the probability of Buon's needle hitting the set E. By Besiovith's
well-known theorem, irregular 1-sets projet to zero measure in Lebesgue almost all
diretions, therefore their Favard length is zero (see [3℄ for details). One an then
ask about the speed at whih FavE(ρ) dereases to zero, where E(ρ) denotes the
ρ-neighborhood of the set E.
Mattila has shown [7℄ that c/(− log ρ) is a lower bound for 1-sets. The question
about the best possible (general) upper bound is open. We should remark that
dierent upper bounds may apply to dierent lasses of sets.
In [11℄, Y. Peres and B. Solomyak gave an upper bound for self-similar 1-sets in
the plane that do not involve rotations and satisfy the strong separation ondition.
Dening log∗ x as in (3), they proved that for suh sets C exp(−a log∗(1/ρ)) for
some a, C > 0 is an upper bound. This bound is of ourse far from the lower bound
given by Mattila, and it is not known whether it an be improved or not. Peres
and Solomyak also gave an example of a random Cantor set for whih the expeted
upper bound is of the same order as Mattila's lower bound. It is an interesting
problem to give more aurate estimates for deterministi sets. The method used
in this setion is based on the approah in [11℄.
Now we return to our seond main result. We are going to onsider a homoge-
neous self-similar set E in the plane of similarity dimension 1, dened by m maps.
Let r = 1/m be the ommon ontration fator of the homogeneous system. We
are assuming that the dening maps produe two non-rotating maps of the same
ontration rate and a map ontaining rotation by a Diophantine multiple of 2π. By
omposing the non-rotating maps with themselves to remove reetions if neessary,
we an assume that
(a) There are two distint words u, v with |u| = |v| = k, Ou = Ov = 1 and
θu = θv = 0;
(b) One of the dening maps, say, F1, ontains irrational rotation by θ1, where
θ1/2π is (c, d)-Diophantine.
Under these assumptions, we are going to prove the following:
Theorem 3.1. Given any δ > 0, there exists A > 0 suh that
(8) L1(Eθ(ρ)) ≤ A
(log(− log ρ))B
uniformly for all θ, where B = log 2/((1 + δ)k(d+ 1) logm). Thus,
Fav(E(ρ)) ≤ πA
(log(− log ρ))B .
Observe that it sues to prove this theorem for a sequene of ρn dereasing to
0 suh that log(− log ρn+1)/ log(− log ρn) is bounded. Also for simpliity, we will
assume that the diameter of E is 1 (this will only hange the onstant A). For a
word u, we have ru = r
|u|
sine the system is homogeneous.
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Before we begin the proof, we mention an equivalent reformulation of this result:
Let C be the onvex losure of the self-similar set E. Let
Cn =
⋃
u: |u|=n
Fu(C).
Observe that there exists a onstant K independent of n and K translation maps
in the plane suh that, for ρ ≤ rn, E(ρ) an be overed by these K translates of
Cn. This follows from the fat that C ontains a (nontrivial) ball sine there are
irrational rotations. Therefore, Fav(Cn) is omparable (with uniform onstants) to
Fav(E(rn)). Note that if we take ρ = rn, we have n = log r/(− log ρ) therefore (8)
beomes
(9) L1(Cθn) ≤
A˜
(log n)B
.
In this formulation, the lower bound given for Fav(Cn) by Mattila's result is c/n.
The rst stage in the proof is to onstrut 2n (0, θ)-relatively lose words for any
given n: Let u, v as in ondition (a) given above. Let k = |u| = |v|. Note that u and
v satisfy the denition of (0, θ) relative loseness if we hoose ω = ω(u, v) = u¯ and θ
to be perpendiular to the line onnetingΠ(uω) to Π(vω) (or any line if these points
oinide). Now we observe that uu, uv, vu, vv are also mutually (0, θ) relatively
lose words with the same θ and ω used for u and v: Clearly Π(uω) = Π(uuω) and
Π(vω) = Π(vuω). And sine Fu, Fv ontain no rotation, the points Π(uvω) and
Π(vvω) lie on the line onneting Π(uuω) to Π(vuω). Continuing this proedure,
for any n, we an obtain 2n words u1, . . . , u2n that are mutually (0, θ)-relatively
lose and with |ui| = kn for all i = 1, . . . , 2n.
By our assumption θ′ := θ1/2π is (c, d)-Diophantine, that, is for any integers
N,M we have
(10) |Nθ′ −M | > cN−d.
Observe that, given any ǫ > 0, by the pigeonhole priniple, there are integers N ≤ 1ǫ
and M suh that
|Nθ′ −M | < ǫ.
Combined with (10), we have
(11) ǫ > |Nθ′ −M | > cǫd.
Now we make the following observations:
Observation 1. There exists a onstant c1 = c1(θ
′) suh that, given any ǫ,
there is an integer p < c1ǫ
−d−1
suh that the numbers
θ1, θ11, θ111, . . . , θ1p
form an ǫ-net modulo 2π. Therefore, given any word s, angle φ and number ǫ, there
is a word ts = 1
p
with |ts| < c1ǫ−d−1 suh that |θsts − φ| < ǫ.
Observation 2. Simple geometri arguments similar to those in the previous
setion (e.g. see the omputation in (7)) show that, given (0, θ)-relatively lose
ylinders u1, . . . , u2n , if the word s is suh that Os = 1 and |θs + θu1 − θ0| < r|u1|,
then the ylinders su1, . . . , su2n are (1, θ0)-relatively lose.
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Now we x an n and the orresponding ui, with |ui| = kn. Let
s(n) = 2c1m
(d+1)kn
Ln = m
s(n)s(n)2
ρn = r
Ln .
(12)
Given θ0, our purpose is to prove (8) with θ = θ0, ρ = ρn, and n suiently
large. Note that log(− log ρn+1)/ log(− log ρn) is bounded, therefore this sues
for the general proof.
Let G be the set of words of length Ln. We partition G into two subsets: Those
words that ontain u1 at the right plae in the sense of Lemma 2.2, and others.
Let
G1 = {α ∈ G | ∃s : su1 is a prex of α with Os = 1, |θs + θu1 − θ0| < r|u1|}
and dene G2 = G \G1. For a word α denote Eα = Fα(E). As before, we denote
by Eθ0α (ρ) the projetion of Eα(ρ) onto lθ0 . Then
(13) Eθ0(ρn) =
⋃
α∈G1
Eθ0α (ρn) ∪
⋃
α∈G2
Eθ0α (ρn) =: H1 ∪H2.
We rst give an upper bound for the number of words in G2:
By the observations above, there is a word t of length no more than c1(r
|u1|)−d−1 =
s(n)/2 suh that Ot = 1 and |θt + θu1 − θ0| < r|u1|. Then we have |tu1| ≤
s(n)/2 + kn ≤ s(n), for n suiently large. Write Ω \ [tu1] as a disjoint union
of ylinders represented by words of length |tu1|. Now for eah ylinder [s] in this
union, we an nd a sux ts of length no more than s(n)/2 that satises Osts = 1
and |θsts + θu1 − θ0| < r|u1|. Then |tsu1| ≤ s(n), and we repeat this proedure by
writing [s] \ [stsu1] as a disjoint union of ylinders represented by words of length
|stsu1| ≤ |s| + s(n) for eah s. Note that at eah stage we remove words that are
in G1. After Ln/s(n) steps we will have obtained a olletion of words of length no
more than Ln that ontain all possible prexes for the words in G2. Sine at eah
step we disallow non-overlapping subwords of length ≤ s(n), we have
(14) #G2 ≤ (ms(n) − 1)Ln/s(n) = mLn
(
1− 1
ms(n)
)ms(n)s(n)
≤ mLne−s(n).
Reall that diamEα = r
|α|
with r = 1m . Then, in the view of (12), we get
(15) L1(H2) ≤
∑
α∈G2
diamEθ0α (ρn) ≤ (#G2)3rLn ≤ 3e−s(n).
Now we turn our attention to the words in G1. A word in G1 is of the form
su1β where Os = 1 and |θs + θu1 − θ0| < r|u1|. Then the words su1, . . . , su2n are
mutually (1, θ)-relatively lose by Observation 2. Also reall that for any word α,
µ([α]) = r|α| = diamEα. Therefore, we an nd a onstant η (not depending on n
or x) suh that for eah x ∈ H1, there is a ball B(x,Rx) with
µθ0(B(x,Rx)) ≥ 2nηRx.
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This an be proved by arguing as in the proof of Proposition 2.7. Indeed, if x ∈
Π([su1])ö we an take Rx = 3r
|su1|
and η = 1. Then by Vitali Covering Theorem
this implies that
(16) L1(H1) ≤ ζ2−n
for some ζ not depending on n. Therefore, by (13), our theorem will be proved if
we an put upper bounds to 2−n and e−s(n) in terms of ρ = ρn as in (8).
By (12), we have
log ρn = −Ln logm = −ms(n)s(n)2 logm
thus
log(− log ρn) = s(n) logm+ 2 log s(n) + log logm ≤ (1 + logm)s(n)
for n suiently large, whih implies
(17) s(n) = 2c1m
kn(d+1) ≥ 1
1 + logm
log(− log ρn).
Taking logs above, we get
log(2c1) + k(d+ 1)n logm ≥ log(1/(1 + logm)) + log log(− log ρn).
whih implies that, for any δ > 0
(18) n ≥ 1
(1 + δ)k(d+ 1) logm
log log(− log ρn).
for n ≥ N(δ). Setting B = log 2/((1 + δ)k(d+ 1) logm) we get
2−n =
1
en log 2
≤ 1
eB log log(− log ρn).
=
1
(log(− log ρn))B .
And nally, by (17), we have (for large n)
e−s(n) ≤ 1
e
log(− log ρn)
1+logm
=
1
(− log ρn)1/(1+logm) ≤
1
(log(− log ρn))B .
The proof is omplete.
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